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1.

INTRODUCTION

Multi-agent learning is a challenging problem and has recently attracted increased attention by the research community [4, 5]. It promises control over complex multi-agent
systems such that agents enact a global desired behavior
while operating on local knowledge.
This article contributes to the reﬁnement of the theoretical
framework for multi-agent learning, extending an evolutionary model for Q-learning to account for a time dependent
temperature. This model of reinforcement learning with a
varying exploration rate is tested in the domain of auctions.
In particular, we consider the task of learning the probabilistic mix of three predeﬁned trading strategies that yields
the highest expected proﬁt in a population of traders that
choose between these strategies.
The advanced model shows that explorative learning behavior may overcome local optima and lead to a higher expected payoﬀ than myopic, solely exploitive learning.
This abstract describes the current evolutionary model,
derives its extension for a varying exploration rate and then
summarizes experiments and results. It is concluded with a
discussion of the contributions.

2.

METHOD

This section explains the established evolutionary models
of reinforcement learning and provides a complete model of
Q-learning with a varying exploration rate.
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The average learning behavior of Cross learning in the
continuous time limit has been shown to converge to the
replicator dynamics ẋi = xi · (πi (x) − xπ(x)), where xi is
the probability of action i to be played and πi (x) denotes
the expected payoﬀ of i against x [1].
Stateless Q-learning yields a temperature parameter that
allows to balance exploration and exploitation. It proceeds
in two steps: Action selection based on the temperature and
applying a Q-value update to the played action. The Q-value
update rule Qt+1,i = (1 − α)Qt,i + αrt features a learning
rate α and is applied to selected action i played in joint
action st , after receiving the payoﬀ or reward rt = ui (st ).
Given the Q-values, an action is selected based on the
Boltzmann distribution, with probability xi for action i:
−1

eQi τt
xi (Q, τt ) = P
Qj τt−1
je

(1)

The learning dynamics from updating Q-values under ﬁxed
temperature have been proven to converge in their continuous limit to the evolutionary model derived in [6]:
ˆ
`
´
˜
x˙i = αxi τ −1 πi (x) − xπ(x)T + x log xT − log xi
This model allows to study the average behavior of Q-learning
with a ﬁxed temperature. However, a change in temperature also alters the policy. Assuming ﬁxed Q-values and a
continuous temperature function τt , the change is:
` ´
` ´”
τ̇t “
d
(2)
xi = τ̇t ẋi = xi − log xi + x log xT
dt
τt
The derived term consists of two factors. The ﬁrst part ττ̇tt
is dependent on t and determines the scale and sign of the
resulting force. The remainder is solely dependent on x and
can be computed for a grid of points in the simplex to give
an intuition of the resulting force. Using ∀t : τt ≥ 0, the sign
is determined by the derivative. As a consequence, the force
ﬁeld plot for the new term always has one of the two forms
depicted in Figure 1, either for increasing or for decreasing
the temperature. These plots feature arrows in the direction
of x which are scaled proportionally to |x|. The examples in
this article are based on three actions, for which the strategy
space of x can be visualized in a simplex.
This ﬁgure also plots the selected temperature function
over the interval [0, 1] and shows how the term ττ̇tt ensures
that the inﬂuence of temperature decrease on policy change
vanishes over time.
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payoﬀ of 92.56 for the selection model. In contrast to this,
100% of the strategy space converge to (0.811, 0.189, 0) with
an expected payoﬀ of 97.25 in the mutation model. The
results imply that a population of agents that utilize the
exploration scheme to overcome local optima may obtain a
higher expected payoﬀ than a population of myopic, absolutely rational learners.
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Figure 1: The force ﬁeld and its magnitude ττ̇tt that
a change in temperature exhibits on the policy.

4.

The complete evolutionary model for the average behavior
of Q-learning with a varying exploration rate is given by the
sum of the temperature change and learning forces:
h
i
`
´
ẋt,i = αxi τ −1 πi (x) − xπ(x)T + x log xT − log xi
{z
}
|
learning

”
τ̇t “
+ xi − log xi + x log xT
τ
{z
}
|t

(3)

temperature change

3.

EXPERIMENTS

5.

The derived model is tested on an example from the auction domain, which uses the same auction setup as Kaisers
et al. [2] and applies the extended analysis. In sum, it is
a simulated continuous double auction with three trading
strategies described in [3]: Modiﬁed Roth-Erev (MRE), Zero
Intelligence Plus (ZIP) and Gjerstad and Dickhaut (GD). A
heuristic payoﬀ table as proposed in [7] captures the average proﬁt of each trading strategy for all possible mixtures
of strategies in the competition of a ﬁnite number of traders.
Figure 2 shows the convergence of 200 example trajectories in the selection model and in the selection-mutation
model with decreasing temperature. Each trajectory represents a learning process from a certain initial policy. The
policy is not only subject to the forces of learning but rather
to a linear combination of the forces of learning as in Figure 2 and temperature change as in Figure 1. It can be observed that the convergence behavior of the selection model
which inherently features a ﬁxed temperature is completely
captured by the snapshot in the directional ﬁeld plot. The
selection-mutation model on the other hand features a continuously changing force ﬁeld and cannot be captured by
inspection of the directional and force ﬁeld plots.
An analysis of 1000 trajectories with uniformly sampled
initial policies showed the following convergence: In the selection model, 25.1% converged to the pure proﬁle (0, 0, 1)
with payoﬀ 78.51 and 74.9% converged to the mixed proﬁle
(0.813, 0.187, 0) with payoﬀ 97.27. This yields an expected
τ =1
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CONCLUSIONS

The contributions of this article are two-fold and can be
summarized as follows: On the one hand, the evolutionary
model of Q-learning has been extended to account for a varying exploration rate. On the other hand, a case study in the
domain of auctions has demonstrated that this model may
deliver qualitatively diﬀerent results, going beyond rational
learners and considering a more complex model of learning,
which may lead to global rather than local optima.
The authors wish to express their gratitude to Jinzhong
Niu and Steve Phelps for their support. This research was
partially sponsored by a TopTalent 2008 grant of the Netherlands Organisation for Scientiﬁc Research (NWO).
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Figure 2: (a) Replicator dynamics for a set of ﬁxed temperatures and (b) trajectories of the selection model for
Cross learning compared to the new model for Q-learning with a varying exploration rate as in Equation (3).
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